INTRODUCTION
An innovative technology for cooling down to low temperatures is the so-called pulse-tube refrigerator (PTR). It is applied in medicine and space technology, for example to liquefy nitrogen and to facilitate superconductivity. A typical Stirling singlestage PTR is shown in Fig. 1 . The PTR consists of a piston (or compressor) with after-cooler, a regenerator, a cold heat exchanger, a pulse tube, a hot heat exchanger, an orifice and a reservoir, in this sequence. The piston maintains an oscillating helium flow in the regenerator-tube system. The temperature of the helium increases when the flow is compressed and moving towards the hot heat exchanger (HHX) into the reservoir. The gas cools down when the flow is decompressed and moving back towards the cold heat exchanger (CHX) into the regenerator. The heat absorbing features of the regenerator, which is a porous medium with large heat capacity and large heat-exchanging surface, results in net cooling power per cycle. The cooling takes place at the cold heat exchanger, which is placed in a vacuum chamber. See [1, 2] for more explanation and analysis. For reaching temperatures below 30 K a multi-stage PTR can be useful. Several single PTR are placed in series, such that the cold end of one stage is cooling the helium that enters the regenerator of the next stage. Each single PTR has dimensions and materials fitted for its intended temperature range. The studied three-stage pulse-tube refrigerator is sketched in Fig. 2 . Its dimensions and properties are listed in the Appendix. In this paper we derive a mathematical model that will be the basis for numerical simulation of the PTR. All parts of the system are coupled together in a physically correct way. The study is based on previous work [3, 4] , but now extended to modelling the regenerator and multi-staging. 
MATHEMATICAL MODEL
To analyse the fluid flow and heat transfer inside a singlestage PTR, we consider the fluid as a continuum. The heat exchangers are assumed ideal. The basic equations are the three laws of conservation and the equation of state of an ideal gas. The material properties are taken constant herein.
The Tube Model
Consider a one-dimensional region 0 < x < L t , where L t is the length of the tube. The four basis equations for the tube have the following dimensional form [4] 
The symbols are defined in the Appendix. The equations are made non-dimensional by proper scaling parameters [5] . Employing asymptotic analysis, we see that the pressure p t in the tube is uniform and we set it equal to the pressure at the interface with the regenerator. By eliminating the density, the following simplified continuity equation for the dimensionless velocity u t and energy equation for the dimensionless temperature T g t are obtained
where a 1 = 1/BPe g and a 2 = γ/BPe g . The temperature equation (6) is a nonlinear convection-diffusion equation. The coefficient of the diffusion term is very small, a 2 ≪ 1, so that the flow is highly dominated by convection. The dimensional volume flow V H or the velocity u H through the orifice is in a linear approximation given by [2] V
where p b is the buffer (reservoir) pressure and C or is the flow conductance of the orifice. The following non-dimensional relation gives the velocity at the hot end of the tube as the boundary condition (BC) for the velocity equation (5) u
where E 0 = p b /p av . The upwind BC for the temperature equation (6) depend on the local flow directions and read
where T H and T C are the given temperatures at the hot and cold ends respectively.
The Regenerator Model
The governing equations for the regenerator, where 0 < x < L r , are similar to those of the tube and read [5] 
where φ is the porosity of the regenerator material which is assumed to be constant. The flow resistance is taken into account by Darcy's law via the momentum equation (12). By nondimensionalising the variables and employing asymptotic analysis, the equations take the following simplified form:
where a 3 = F /c r , a 4 = 1/c r Pe r , a 5 = Eγ/B, a 6 = E/B and a 7 = D/γ. Note that T r is the temperature of the regenerator material and T g r is the gas temperature inside the regenerator. All other parameters are given in the Appendix. The pressure p c at the compressor side gives a BC for Eq. (17), namely p c = p av − psin(ωt). For the gas temperature equation (19), which is a convection-diffusion equation, we introduce two velocity-dependent boundary conditions similar to the equations (9-10) as follows
(21) We apply the heat exchanger temperatures as the proper BC for the material temperature equation (18). Mass conservation at the cold end gives BC for the velocity equation (16).
The Three-Stage PTR Model
The three-stage PTR ( Fig. 2 ) is treated as three single-stage PTRs that are coupled via physical interface conditions. The regenerator material temperatures are considered to be fully decoupled from each other. The local energy and mass conservation provide the coupling conditions for the gas velocities and gas temperatures at the interfaces. For instance, at the junction connecting the first regenerator, the second regenerator and the first pulse-tube, we have mass conservation according tȯ
which is equivalent with
Neglecting the kinetic energy and local conduction terms, the energy conservation is satisfied by the enthalpy flow condition
with
where n * is the molar flow and H m is the molar enthalpy. Then where V m is the molar volume, R is the gas constant and p is the thermodynamic pressure. The molar enthalpy is
The enthalpy flow is then
Therefore energy conservation at the junction reduces to volume conservation
By using mass conservation (Eq. 23) and energy conservation (Eq. 29) together with pressure continuity we couple two regenerators and one pulse-tube at each junction. Equation (23) is simply used as the proper BC for the upper regenerator at each junction.
There are six (out of eight) flow possibilities at an incompressible junction as depicted in Fig. 3 . The vertical arrows show the flow in two consecutive regenerators and the horizontal one displays the flow to or from the pulse-tube. These multiple flows are explained below and the corresponding upwind boundary conditions for the temperature equations (6) and (19) are listed in Table 1 .
State I: There are two outflows: from the upper regenerator and from the tube. These are described by the Neumann BCs (Eq. 10) and (Eq. 21) respectively. Temperature-dependant mass inflow Eq.(23) is used as the BC for the lower regenerator.
State II: We apply Neumann BC (Eq. 21) for the upper regenerator. Mass inflow Eq.(23) is the BC for the lower regenerator. The gas in the tube takes the temperature of the upper regenerator. State III: We apply Neumann BC (Eq. 10) for the lower regenerator and mass inflow for the upper regenerator. The gas temperature of the tube at the junction is equal to the one in the lower regenerator.
State IV: There are two outflows, from lower regenerator and tube, and we apply the Neumann BCs (Eq. 10) and (Eq. 21) to them. Mass conservation (Eq. 23) is applied to the junction and this gives the BC for the upper regenerator.
State V: In this state, which lasts a very short time during the gas circulation, Neumann BC (Eq. 10) is applied to the pulse-tube and the gas temperature of the regenerators is taken equal to the gas temperature of the pulse-tube at the junction.
State VI: In this flow situation, which also lasts for a very short time, the flow from both regenerators enters the pulse-tube. Mass inflow according to (Eq.23) is then defined to the junction as the BC for the pulse-tube. Two Neumann BCs for the gas temperatures are applied to the outflows from the regenerators.
The simulation starts from linear functions for the initial temperatures in the regenerators. Third degree polynomials are used for the initial temperatures of the tubes. These are derived from estimates of the flow amplitudes at the cold and hot ends of the tubes. The initial temperatures at the cold heat exchangers, CHX I and CHX II are estimated. The temperature of CHX III is set as a constant value.
NUMERICAL METHOD
The energy equations for the gas temperature in the tubes (6), the gas and the material temperatures in the regenerators (18-19) are solved simultaneously for all three stages by an implicit method of lines. The equations are discretised in space using one-sided differences of second-order accuracy and flux limiters for the convection terms. The θ-method with θ = 0.5 + ∆t gives second-order accuracy in time. For instance, the discretisation of Eq. (6) for u n j > 0 and omitting the subscript t is
where the Courant number c n j := △t n u n j /△x and △t n is an adaptive time step satisfying condition (32). The ratio r n j+ 
The flux limiter Φ n
) herein is that of Van Leer, see [6] . For r ≤ 0 the limiter function Φ(r) = 0. Because of the CFL stability condition |c n j | ≤ 1 it is required that
The continuity equation (5) is discretised with second order of accuracy as follows 
where X represents the discretisation of a single PTR, and C accounts for the coupling at the junctions. The global system of equations for the velocities and the regenerator pressures that is numerically solved reads 
RESULTS and DISCUSSION
A three-stage PTR operating at 20 Hz has been simulated for a set lowest temperature of 4 K. All parameters are listed in the Appendix. In Fig. 4 we see the velocities at different positions for all three stages. Fig. 5 shows the pressure at different positions in the pulse-tube refrigerator. The amplitude of velocity and pressure decreases with distance from the compressor, and there is a phase difference between all signals. The pressure drop is caused by the resistance of the regenerators and the velocity decrease is caused by the compressibility and the decrease of temperature and pressure per tube. Fig. 6 and 7 give the temperatures at the cold and hot ends of the tubes. At the hot end, in the decompression phase, gas flows from the buffer via the orifice and carries the room temperature T H as it enters the pulse-tube. In the compression phase, as soon as the uniform pressure in the tube becomes higher than the pressure in the buffer, the gas is approaching the HHX with a temperature higher than the boundary temperature T H (BC (9)). At the cold end the gas enters the tube via the CHX with temperature T C and at a pressure higher than the buffer pressure and returns to the CHX at a lower pressure with a temperature lower than T C (BC (10)). This below-T C temperature generates the desired cooling power. When the pressure and the velocity at the cold end of the third stage are in phase the maximum cooling power occurs. The cooling power is equal to the cycle-averaged enthalpy flow [1, 2] 
where t c is the cycle period. In Refs [1, 2] this quantity is estimated byḢ where the hot and cold heat exchangers are assumed to be ideal. The system is operating at frequencies higher than usual. In the coupling of single-stage PTRs, six fluid flow possibilities at the junctions have been considered. Each flow possibility led to its own set of upwind BCs. The studied three-stage PTR is able to cool down to 4 K with a remaining cooling power of about 0.5 W. Real gas in the third stage, temperature-dependant material properties and double inlets are essential features that have not been considered herein. 
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